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Abstract
By using the Schauder 0xed point theorem and analysis method, we establish the existence of solutions for
the m-point boundary value problem
u′′(t) + a(t)f(u) = 0;




where b; ki ¿ 0 (i = 1; 2; : : : ; m− 2); 0¡	1¡	2¡ · · ·¡	m−2¡ 1, a(t) is allowed to be singular at t = 0; 1.
Under some conditions, we show that there exists a positive number b∗ such that the problem has at least
one positive solution for 0¡b¡b∗ and no solution for b¿b∗.
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1. Introduction
The multi-point boundary value problems for ordinary di8erential equations arise in a variety of
di8erent areas of applied mathematics and physics. The study of multi-point boundary value problems
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for linear second-order ordinary di8erential equations was initiated by Il’in and Moiseev [6]. Since
then, nonlinear multi-point boundary value problems have been studied by several authors. We refer
the reader to [1–5,7,8] and their references. Recently, in [9], for the problem
u′′(t) + a(t)f(u) = 0; (1.1)
u(0) = 0; (1:2a)
u(1)− u() = b; (1:2b)
where ¿ 0, ∈ (0; 1), ¡ 1, are given, a∈C([0; 1]; [0;∞)), and f∈C([0;∞); [0;∞)) is super-
linear, the author proved that there exists a positive number b∗ such that (1.1), (1:2a) and (1:2b)
has at least one positive solution for b : 0¡b¡b∗ and no solution for b¿b∗.
In this paper, we generalize the results in [9] to a multi-point boundary value problem of the form
u′′(t) + a(t)f(u) = 0; t ∈ (0; 1); (1.3)




kiu(	i) = b: (1:4b)
We will suppose the following conditions are satis0ed:
(A1) b; ki ¿ 0 (i = 1; 2; : : : ; m− 2); 0¡	1¡	2¡ · · ·¡	m−2¡ 1, and 0¡
∑m−2
i=1 ki	i ¡ 1;





























ds¡∞, then limt→1−(1− t)
∫ t
0 a(s) ds=0. So,
∫ 1












u′′(t) + y(t) = 0; t ∈ (0; 1); (2.1)
u(0) = 0; u(1)−
m−2∑
i=1
kiu(	i) = 0 (2.2)
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(	i − s)y(s) ds:
Proof. From (2.1), we have
u′′(t) =−y(t):



























(	i − s)y(s) ds+ u′(0)	i; i = 1; 2; : : : ; m− 2:












































(	i − s)y(s) ds:
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(	i − s)y(s) ds:
Lemma 2. Suppose 0¡
∑m−2
i=1 ki	i ¡ 1. If y∈C(0; 1) and y(t)¿ 0 on (0; 1), then the unique
solution u of (2.1)–(2.2) satis8es u¿ 0 for t ∈ [0; 1].











































Since u(t) is concave in (0; 1), so, u¿ 0 for t ∈ [0; 1].
Lemma 3. Suppose 0¡
∑m−2
i=1 ki	i ¡ 1. If y∈C(0; 1) and y(t)¿ 0 on (0; 1), then the unique





















and ‖u‖ is the maximum of u on [0; 1].
Proof. If u(t) is maximum at t = , then ‖u‖= u().
(1) If inf t∈[	1 ;1] u(t)=u(	1), then the concavity of u implies u(	1)¿ 	1u(). Thus, inf t∈[	1 ;1]u(t)¿
‖u‖.
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1−  ; 16 i6m− 2:
So,
u(	i)− u(1)¿ (u()− u(1))(1− 	i);
i.e.,













Thus, inf t∈[	1 ;1]u(t)¿ ‖u‖.







u(	i)− 	iu(1)¿ u()(1− 	i):

























Therefore, inf t∈[	1 ;1] u(t)¿ ‖u‖.
(4) If ¿	m−2, and inf t∈[	1 ;1] u(t) = u(1). For 16 i6m− 2,
u(	i)¿ 	iu():
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Thus, inf t∈[	1 ;1] u(t)¿ ‖u‖.
3. Main results
Theorem 1. Suppose (A1)–(A3) hold, then (1.3), (1:4a) and (1:4b) has at least one positive solution
for su:ciently small b¿ 0.
Proof. Let h be the solution of








Let u= v+ bh, (1.3), (1:4a) and (1:4b) can be written as
v′′ + a(t)f(v+ bh) = 0; (3.1)
v(0) = 0; v(1)−
m−2∑
i=1
kiv(	i) = 0: (3.2)
















(	i − s)a(s)f(v+ bh) ds:
When b is suJciently small, (A3) implies f(v+ bh)6 c=L for each v∈K .
















So, A :K → K .
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Next we show that A is completely continuous. Clearly, A is continuous and completely bounded.




(t2 − t1)a(s)f(v+ bh) ds+
∫ t2
t1





































(	i − s)a(s) ds
)
:
By the above inequality and Remark 1, A is equicontinuous. Using the Arzela–Ascoli theorem,
A :K → K is completely continuous. Thus, by the Schauder 0xed point theorem, A has a 0xed point
v∈K . This shows that (1.3), (1:4a) and (1:4b) has a positive solution u = v + bh for suJciently
small b¿ 0.
Theorem 2. Suppose (A1)–(A3) hold, then there exists a positive number b∗ such that (1.3), (1:4a)
and (1:4b) has at least one positive solution for 0¡b¡b∗ and no positive solution for b¿b∗.
Proof. We 0rst show (1.3), (1:4a) and (1:4b) has no positive solution for b large.
Let u be a positive solution of (1.3), (1:4a) and (1:4b), then v = u − bh is a positive solution
of (3.1)–(3.2). By Lemma 3, inf t∈[	1 ;1] v(t)¿ ‖v‖. From h(t) = t=
(
1−∑m−2i=1 ki	i), we get that

















from limu→∞ (f(u)=u)=∞, there exists M ¿ 0 such that f(u)¿ 2Ru for u¿M . Let b be suJciently
















(	i − s)a(s)f(v+ bh) ds; 16 i6m− 2:
































































































































a contradiction. Thus, when b is suJciently large, (1.3), (1:4a) and (1:4b) has no positive solution.
Let B= {b|(1:3), (1:4a) and (1:4b) has a positive solution}. Set b∗=supB, then 0¡b∗¡∞. For
all b∈ [0; b∗), there exists c¿b such that (1.3), (1:4a) and (1:4b) has a positive solution uc. Next
we show (1.3), (1:4a) and (1:4b) has a positive solution.
Consider the problem
u′′ + a(t)f∗(u(t)) = 0; t ∈ (0; 1); (3.3)
u(0) = 0; u(1)−
m=2∑
i=1






f(u(t)); 06 u(t)6 uc(t);
f(0); u(t)¡ 0:
Since f∗ is bounded, by the Schauder 0xed theorem, (3.3)–(3.4) has a positive solution ub. Using
Lemma 2, ub¿ 0. Let "0 = {t ∈ [0; 1]|ub(t)¿uc(t)}. Next we show "0 = ∅. Suppose "0 = ∅.
If ub(1)6 uc(1), then there exists (a1; b1) ⊂ "0 such that w(a1)=w(b1)=0, where w(t)=ub(t)−
uc(t). Moreover, w′′(t) = 0 in (a1; b1). Thus, w(t) = 0 in (a1; b1), a contradiction.
If ub(1)¿uc(1), from w(1)−
∑m−2
i=1 kiw(	i)=b−c¡ 0 and w(1)¿ 0, we have that
∑m−2
i=1 kiw(	i)
¿ 0. Let s=min{i|w(	i)¿ 0}, then one of the following cases occurs:
(i) w(t)¿ 0 in (0; 1).
In the case, we have that w′′(t)=0, w(0)=0. So, w(t)=at(a¿ 0). Therefore, 0¿b− c=w(1)−∑m−2
i=1 kiw(	i) = a(1−
∑m−2
i=1 ki	i)¿ 0, a contradiction.
(ii) w(t)¿ 0 in (	s; 1) and there exists ∈ (0; 	s) such that w()¡ 0.
In the case, there exists 	∈ (; 	s) such that w(	) = 0 and w(t)¿ 0 in (	; 1). w′′(t) = 0 in (	; 1),



























































(iii) There exists $∈ (	s; 1) such that w($)¡ 0.
In the case, there exists (; %) ⊂ (0; $) such that w()=w(%)=0, and w(t)¿ 0 in (; %). Moreover,
w′′(t) = 0 in (; %). Thus, w(t) = 0 in (; %), a contradiction.
Therefore, for all b∈ [0; b∗), (1.3), (1:4a) and (1:4b) has a positive solution.
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